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Abstract 

By exploiting the internal gauge-invariance intrinsic to a spin-charge separated electron, 
we show that such degrees of freedom must be confined in two-dimensional supercon- 
ductors experiencing strong inter-electron repulsion. We also demonstrate that incipient 
confinement in the normal state can prevent chiral spin-fluctuations from destroying the 
cross-over between strange and psuedo-gap regimes in under-doped high-temperature su- 
perconductors. Last, we suggest that the negative Hall anomaly observed in these materials 
is connected with this confinement effect. 
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The electronic conduction in high-temperature superconductors is characterized by 
quasi two dimensionahty and strong inter-electron repulsion. Motivated by the correspond- 
ing situation in one dimension, Anderson proposed early on that the correlated electron 
in these materials factorizes into independent spin and charge degrees of freedom as a 
result.^ The abelian gauge- field theory formulation of the t — J model for strongly inter- 
acting two-dimensional (2D) electrons provides an elegant expression of these ideas. ^"'^ 
The electron field in such theories is divided up into fermionic spin and bosonic charge 
parts, Ci(j = fiab}, where the internal gauge invariance {fia, hi) — > e'^^'-{fia-,bi) enforces the 
constraint 



against double occupancy at each site. Here, both the spinon field fia- and the holon field 
bi are treated as dynamical quasiparticles that interact with the statistical gauge field 
associated with the latter. Apart from its formal appeal, the gauge-field approach to 2D 
electron liquids successfully accounts for many of the strange normal-state properties char- 
acteristic of high-temperature superconductors; e.g., the paradoxical observation of a large 
Luttinger Fermi surface in conjunction with a hole- type Hall effect, and the unconventional 
T-linear resistivity.^ 

Analogous Ginzburg-Landau type gauge-field theories for spin-charge separated super- 
conductivity in two dimensions have also been proposed in order to account for the high-Tc 
phase diagram (see Fig. Separate superfiuid mean-field transitions for the spinon 

and holon sectors at respective critical temperatures of Tf and T5 provide the common basis 
for these theories. The loffe-Larkin composition formula^ p = pb + Pf ior the total resistiv- 
ity implies a meanfield superconducting transition temperature of Tco = min(Tj, T5), while 
T*o = max(T/, Tb) marks the cross-over temperature scale above which strange metallicity 
(e.g., p (xT) sets in. The latter cross-over phenomenon is consistent with a host of normal- 
state properties generally observed in high-temperature superconductors.®'^ It has been 
recently pointed out,^° however, that the entropy generated by the transverse component 
to the statistical gauge- field, which physically represents chiral spin fluctuations,^^ com- 
pletely suppresses the spinon-superfiuid crossover in the under-doped regime (T?, <C T/). If 
correct, this means that a normal-state pseudo-gap^^ is not theoretically possible in single- 
layer oxide superconductors, though one could still exist in multi-layered compounds. 
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In general, however, the longitudinal component of the statistical gauge field must 
also be taken into account in order to properly enforce the constraint (1) against double 
occupancy. In the case of the strange-metal saddle-point of the t — J model, for exam- 
ple, this component is known to result in a negative entropy contribution,^^ as well as a 
slow-zero sound mode near the Mott transition. In the commensurate flux-phase (CFP) 
saddle point, which is believed to be an anyonic superconductor, ^^'^^ the longitudinal 
component leads to confinement of the spinon and the holon into the electron. On the 
basis of a phase-only Ginzburg-Landau model for spin-charge separated superconductivity 
known as the two-component Abelian Higgs (AH^) model, ^ and its consistency with the 
latter, we shall first show in this paper that the spin-charge components of the superfiuid 
electron are confined in the superconducting phase, T < Tc- Here, the superfiuid transi- 
tion at Tc is explicitly of the Kosterlitz-Thouless type. We shall then demonstrate that 
incipient confinement is present in the spin-gap (or Fermi liquid) regime Tc < T < if 
the spinous and the holons couple weakly to the statistical gauge field. This leads to a 
drastic non-perturbative suppression of gauge-field excitations. (The former can be inter- 
preted as Aslamasov-Larkin type fiuctuations^° of the confined superconductor within the 
deconfined normal state.) We conclude that the spin-gap cross-over at ~ Tf in the un- 
derdoped regime remains intact for weak-coupling saddle-points, of which the CFP anyon 
superconductor is one.^^ This means that the unique cross-over phenomenon observed in a 
variety of normal-state properties of under-doped oxide superconductors^ can in principle 
be accounted for by the gauge-field theory approach to strongly interacting electrons on 
the square lattice. In the case of strong coupling to gauge-field excitations, however, we 
find that the cross-over into the spin-gap (and Fermi liquid) regimes is destroyed. ^'^^ This 
is consistent with recent studies of the high-temperature strange- metal phase, which also 
couples strongly to gauge-field excitations. 

Spin- charge Separated Superconductivity. The Ginzburg-Landau energy functional of 
the AH^ model for spin-charge separated superconductivity on the square lattice reads^ 



E =Jb ^{1 - cos[A^06 - qafj]} + Jf ^{1 - cos[A^0/ - qa^,]}^- 





(2) 
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where (l)b{T) and 0/(r) represent the respective phases of the holon and spinon order 
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parameters, a^(r) = aff^f+p, denotes the statistical gauge-field, and denotes the lattice 
difference operator {fj, = x,y). The first two terms above are the stiffness energies for the 
phase fluctuations, where the local rigidity of each specie i = /, 6 is related to the critical 
temperature of its presumed Kosterlitz-Thouless (KT) transition by ksTi = ^Ji- The 
last term above is the stiffness energy for gauge-field fluctuations, where the corresponding 
local rigidity is given by the sum Xd = Xf + Xb of the diamagnetic susceptibilities of each 
species, "^'^^ X/ Xb- We assume that the superfluidity in both the spinon and the holon 
subsystems results from Cooper pairing, hence the choice q = 2. If we integrate out flrst 
the gauge fleld excitations from the corresponding partition function 

Z = J V(l>t,V(l>fVa^exp{-E/kBT) (3) 

in the continuum limit, where E = ^ f d?'r[Ji,{p4'b ~ Qo)^ + Jf{S4'f ~ Qo)'^]-, we obtain an 
effective free energy £^ei = \J j d'^r\p(f>)^^]'^ for conflgurations of the physical electronic 
phase (/)ei = 0/ — 06 that carry non-zero vorticity (f),^ where J = {JJ^ + J^^)~^ ■ This 
means that the spin and charge of the superfluid electron are confined while traversing the 
KT transition at Tc = {TJ^ -\- T^^)~^. If, on the other hand, we first integrate out the 
phase (Higgs) fields from (3), we then obtain the effective free energy 
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for the statistical gauge field in the continuum limit, where each Higgs field contributes a 
diamagnetic renormalization /ij^,/!^^ > to the total renormalization 

//-t^ = l + fij^ + ^i-^ (5) 

of the statistical magnetic field energy. The non-perturbative effects mentioned above are 
included by making the replacement Xd Xd/A*st in perturbative calculations. Before 
continuing, let us first identify the statistical London penetration length of the AH^ model 
(2), 

Kt = q-'[Xd/{Jf + Jb)]'/', (6) 

here given in units of the lattice constant a. In the weak-coupling limit Agt — > oo, we 
recover separate superfluid transitions for each species. This implies that //gt = at 



temperatures T < T*o = max(Ty^,T5). Below, we will demonstrate that T*o in fact only- 
marks a sharp cross-over^'^'^-*^ for finite Agt ^ a. It will then be demonstrated that the 
CFP anyon superconductor lies inside the latter weak-coupling regime. 

Recall that if one of the two space dimensions of the AH^ model is considered as 
imaginary time, then the pure gauge-field term in (2) describes vacuum electromagnetism 
in one dimension. Since the latter is trivially confining, the Wilson loop for the AH^ model 
(2) is in general related to the effective diamagnetic renormalization (4) due to the Higgs 
fields by^^ 

'/ c 

in the limit p ^ 0, where A denotes the area contained by a large contour C and = 
ksT/xd- Employing the Villain form of the AH^ model (2),^ it can be shown that the 
above Wilson loop W{C) is given by the average 



W{C) = ( exp 



^ r in C 



(8) 

CG 



over the corresponding Coulomb gas ensemble 



ZcG= c^p|-(27r)'^^[G'ir(f-fOgei(r)gei(rO + G'sr(r-f09st(r)9st(^^^^ (9) 

{Qb,qf} V {r,r') ) 

where the physical electronic (el) flux-charge and the statistical (st) flux-charge are given 
respectively by linear combinations 

Qei ^qf - Qb, (10) 

of integer fields qf{r) and qb{r). Here (r, r') denote combinations of points covering the 
dual square lattice, while (3 = J/kBT. Corresponding to these charges are long-range (Ir) 
and short-range (sr) potentials 

cfk 1 



-2 ■ 

/ -t- ?e 

d^k ^r^-, 1 
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where = 4 — 2cosA;a;a — 2cos kya, and where ^ei denotes the correlation length of the 
physical electronic condensate that diverges in the normal state at Tg. It is known that the 
Wilson loop (8) shows a perimeter law in the superconducting phase7 By (7), this implies 
that fist = for T < Tc] i.e., fluctuations of the statistical magnetic field in spin-charge 
separated superconductors are entirely suppressed! In the normal state, the correlation 
length ^ei is exponentially large but finite at temperatures close to T^. Since global vortex 
charge neutrality is then no longer enforced, the most important configurations per site 
are qf = 0,±1, but with qi, = qf so that there be no net electronic vorticity q^i. Standard 
manipulations^^ of expressions (8) and (9) then yield that the diamagnetic renormalization 
(7) is given by 

IIst{Tc+) = 167T(3eX;t^^^^~'\ (14) 

where = [{Tb/Tf)^/'^ + {Tf /Tb)^/^]'^ . At optimum doping, = Tf, we therefore have 
max/igt (Tc+) = 647rA^^, which implies a small jump in chiral spin fluctuations by Eq. 

(4) .^^ Also, Eqs. (4) and (14) indicate that chiral spin fluctuations are suppressed (fist 0) 
exponentially fast as the system deviates from the optimum Tc along the superconducting 
phase boundary. This is consistent with the narrow window in composition centered at 
optimum doping through which strict T-linear resistance is observed in the normal state 
of high-temperature superconductors.^ 

Consider now the spin-gap regime Tb <^ Tf in the same weak-coupling limit Agt ^ a. 
Then the diamagnetic renormalization due to the spinon subsystem is approximately given 
by that of the one component model^^"^^ (Jfo = 0), which is known to be 1 + iJ,J^ = 
(167r)-^(T/T/)A^p-^/^^~^l On the other hand, at temperatures T > T;,, a direct high- 
temperature series analysis of the holon term in (2) yields that^^ jj'^^ = ^q^g'^{Jii/kBT)^. 
After summing the latter contributions to obtain the total diamagnetic renormalization 

(5) , the relationship (ain/igt/^ln Ast)|T. = then yields ^ T/[l - ^2tt-'^ X~^^{Tb/TfY] 
for the cross-over temperature, with 

/.St = 167r(T//T)A3-'t^^*/^^-'l (15) 

Last, the application of the previously mentioned high-temperature series results yields 
that /Xst = [1 + \q^g'^{Jf/kBTY + \q^g'^{Ji,/kBTY]~^ for T > T*o in general. The overaU 
picture we obtain in the weak-coupling limit, therefore, is that there is a sharp cross-over^'^ 
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into incipient confinement (//^^ » 1) as temperature falls below T*,^-*^ followed by true 
confinement (//gt = 0) as temperature falls below Tg. In particular, the T-linear resistivity 
contribution due to transverse gauge-field fluctuations'* (4), ph oc UstT/xd^ that is dominant 
in the strange-metal phase is exponentially suppressed in the spin-gap regime. ^'^^ Also, 
the entropy at temperatures just above T*o due to such transverse gauge field excitations 
is approximately^ S± ~ kB{kBT*o/Xd)'^^^ ~ ^slo'^st/'^)"^^^, which is small in the present 
weak-coupling limit, Agt ^ a. As a result, the cross-over into the spin-gap (or Fermi-liquid) 
regime remains intact (see Fig. 1). This is contrary to what occurs in the strong-coupling 
limit, ^'-"^^ as discussed below. 

Let us now analyze the (high-temperature) strong-coupling limit, Agt <^ a, that cor- 
responds to the strange-metal phase,^"^ where Xd c< T~^. It is then more convenient to 
express the Wilson loop (7) in terms of the original roughening model from which the 
Coulomb gas ensemble (9) is derived:^'^*'^^ i.e., W{C) = Z[J]/Z[0], with 

Z[J]= Y: exp|-^5:[A,n,p-2^5^[A,n/P 

and with J(r) =0 unless the point r lies within the contour C, in which case J(r) = 1. 
Here, ni{r) are integer fields and I3i = Ji/ksT. The present limit qg oo requires that 
mir) = -n/(r) for \p/q\ < \. This yields Z[0] = E{n,} exp{-p-i E^.^fApn/l^}, as 
well as an area law (7) for the Wilson loop with = 1- Hence, while the cross-over 
phenomenon between strange and spin-gap (or Fermi-liquid) regimes is destroyed, we do 
recover the superfluid transition at from the former 2D discrete gaussian model (dual 
to the 2D XY model). In other words, the entire normal state is "strange" in the strong- 
coupling limit. ^'^-"^ This agrees with recent studies, which begin from the strong-coupling 
strange-metal phase at high temperature, that flnd that the previously discussed entropy 
due to transverse gauge-field fluctuations destroys the cross-over into the spin-gap regime. ""^^ 
Note that the evolution from the sharp cross-over at T^q in weak-coupling to its absence in 
strong-coupling should be smooth since the corresponding normal states have a common 
high-temperature limit. 

Confinement. In summary, the AH^ model for spin-charge separated superconductiv- 
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ity in two dimensions predicts that chiral spin-fluctuations are completely suppressed in 
the superfluid phase. Such gap-like behavior cannot, however, result from a Higgs mech- 
anism, since the only auto-correlation function that shows algebraic long-range order in 
this model is that corresponding to the physical electronic phase (^ei = (pf ~ As a 
solution to this puzzle, we propose that the complete suppression of fluctuations in the 
statistical magnetic fleld is a symptom of conflnement.^^"^^ In particular, we suggest that 
the dynamics of the statistical gauge fleld is described by an effective action for compact 
quantum electrodynamics in two space dimensions {xi,X2), which in the continuum limit 
reads 

Sst^^ [ d^x{d^a, - d^a^f. (17) 

Here the time dimension is rescaled to xq — cot by the velocity of chiral spin- waves, cq, 
while do = CQ^dt- Singular instanton (monopole) configurations in (17) act to confine 
the statistical electric field into flux tubes and to suppress the corresponding magnetic 
excitations.^^ However, this occurs only at temperatures below a deconflnement tempera- 
ture, Tc > 0, that must necessarily be identifled with the critical temperature of the AH^ 
model (2). The CFP saddle-point of the t — J model, which is considered to be an anyon 
superconductor, provides a microscopic realization of this proposal. The statistical 
gauge-fleld is in fact described by effective action (17) in such case,-*^^ with a coupling con- 
stant given by g'^'^ = |:(AJ^ + A^^)^a;o- Here ~ tx and A/ ~ Jx^/'^ are the respective 
charge and spin gaps for the holon and spinon quasi-particles at small concentrations, x, 
of mobile holes, while ujq = co/a is the Debye frequency cut-off of the theory (17). ''■^ 
Employing the strong-coupling limit formula ksTc — ^huogQ for the deconflnement tem- 
perature then yields ksTc = (Aj^ -|- A^^)"-*^, which is of the same form as the Tc formula 
for the AH^ model (2). Also, given that g~'^ = gQ^{hoJo/kBT) by quantum statistical 
mechanics, we obtain the physically satisfying result Agt ~ x~^^'^ for the statistical length 
scale (6). Note that we have here used the result (huJo)'^ ~ tJx^/'^ valid for the CFP 
near half filling, and have identified ksTi with A^. Hence, we find that the CFP is in the 
weak- coupling regime, Agt ^ o, near half filling, a; -C 1. 

In conclusion, overall consistency of the AH^ model (2) requires that the spin and 
charge parts of the superfluid electron be conflned in two dimensions. This indicates that 
the superfluid component, a^y, of the in- plane Hall conductance in spin-charge separated 
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superconductors should have an electron sign. A negative sign anomaly for a^y is in 
fact observed in high-temperature superconductors [axy exhibits a (positive) hole sign 
in the normal state]. Our result therefore justifies the two- fluid explanation for such 
observations,^^ wherein the Hall conductance is given by the sum, a^y = cr^y + cr^^, of 
a hole-type normal conductance, a'^y > 0, and an electron-type superfiuid conductance, 
a^y < 0. This proposal of course fails to explain the sign changes of the Hall effect observed 
in certain low-Tc superconductors.^^ 
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Figure Caption 



1. Shown is the phase diagram of 2D spin-charge separated superconductors in the weak- 
couphng hmit, Agt ^ a. The hne that encloses the superconducting phase represents 
a true phase boundary, while the line above it marks the cross-over point T*. The 
monotonically increasing and decreasing dashed lines represent critical temperatures 
Tft = (200K)a;/a;o and Tf = (800K)(1 — x/xq), respectively, for the holon and spinon 
subsystems in isolation, where xq denotes the mobile hole concentration below which 
spinon pairing occurs. 
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